A function analytic and locally univalent in a simply connected domain is of bounded radius rotation if its range has bounded radius rotation which is defined as the total variation of the direction angle of the radial vector to the boundary curve under a complete circuit. In this paper, we introduce some subclasses of analytic functions with bounded radius rotation involving subordination and establish integral and convolution preserving properties. We also determine estimates for the growth and distortion bounds, inclusions, conditions for starlikeness and bounds on coefficients differences. Most of our findings are related with the existing known results and several of their applications are found in literature of the subject.
Introduction
Let H(U) represent the class of all analytic functions f defined in the open unit disk U := {z ∈ C : |z| < 1}, and for a positive integer n and a ∈ C, let H[a, n] := f ∈ H(U) : f (z) = a + a n z n + a n+1 z n+1 + . . . , z ∈ U .
Also, we denote A := {f ∈ H[0, 1] : f (0) = 1}
The class of univalent functions is represented by S and it is a subclass of the class A, whereas, S * , C, K and Q are the well-known classes of starlike, convex, close-to-convex and quasi-convex functions respectively.
Let P denote the well-known class of Carathéodory functions p such that p ∈ H(U), with p(0) = 1 and Re p(z) > 0, z ∈ U. Also P (β) represents the class of Carathéodory functions p such that p ∈ H(U) with p(0) = 1 and Re p(z) > β, 0 ≤ β < 1, z ∈ U. For details, we refer [4] . For f, g ∈ H(U), we say that f is subordinate to g and write as f (z) ≺ g(z), if there exists a Schwarz function w, that is, w ∈ H(U), with w(0) = 0 and |w(z)| < 1, such that f (z) = g(w(z)) (z ∈ U) .
Using subordination defined above, Janowski [6] introduced the class P[A, B] for −1 ≤ B < A ≤ 1. A function p analytic in U such that p(0) = 1 belongs to the class P[A, B], if
where w is a Schwarz function. Geometrically, the image p(U) of p ∈ P[A, B]
lies inside the open unit disk centered on the real axis with diameter ends at p(−1) and p(1).
. Using a general bilinear fractional transformation T (z) = 
.
Pinchuk [18] studied the class P k , whereas Padmanabhan and Parvatham [16] introduced and investigated the class
with p(0) = 1, if and only if there exists
For detail, we refer [11, 12] . We note that . For special choices, we refer Al-Amiri and Fernando [1] , Kaplan [7] , Noor [3, 10, 13, 15] , Polatoglu and others [19 − 22] and Silvia [26] with references therein.
It follows from the above definitions that
(1) For special cases, see [3, 10, 13, 15] and others. To avoid repetition of parameters, we assume these parameters within the above specific ranges throughout our discussion. However, any change will obviously be mentioned.
Preliminary Notes
Lemma 2.1 [24] . If f ∈ C, g ∈ S * , then for any analytic function F in U,
where co F (U) denotes the closed convex hull of F (U). Lemma 2.2 [17] . Let N and D be analytic in U, D maps U onto a manysheeted starlike region
Then,
For the proof of part (i), we refer [14] and the part (ii) is proved in [10] .
The result is sharp for the extremal function:
, B = 0 and f 0 (z) = exp A k 2 z , for B = 0.
, then so does ϕ * g for ϕ analytic and convex in U.
Lemma 2.6 [11] . Let β, n ∈ Z + and f ∈ V k [A, B] and F be defined by
for |z| < r 0 , where r 0 is given by
Results and Discussion
In the following theorem, we study some integral preserving properties under certain assumption on parameters.
. Proof . From (4),we can write
and the result follows immediately by using (1) The following theorems deal with the convolution preserving properties under certain assumption on parameters. 
From Lemma 2.4, we note that Ψ * G ∈ S * [C, D] and using Lemma 2.1, we have
where Ψ * G ∈ S * [C, D], which proves the required result. (z ∈ U) .
Proof. Using (1), we have
In view of Theorem 3.2, we write
which implies that
Again using relation (1), we have the required result. 
The proof is immediatly follows, when we observe that Ψ
, where ϕ i is convex in U such that
In the theorem below, we study inclusion with respect to the parameter α. 
where
is convex. Using Theorem 3.2, we conclude that f ∈ T k,2 [b, A, B; C, D] and hence, we obtain the required result.
In the next theorems, we determine the growth and distortion bounds and various other related results. 
Using distortion bounds for p 1, p 2 ∈ P[A, B] proved in [6] and Lemma 2.1, we have the required result. 
Then F ∈ T 2,2 [b, A, B; 1 − 2β, −1], for |z| < r 1 , r 1 is given by (3).
Proof . Suppose that
Then by using lemma 2.6 for α = 1, we have G ∈ C(
), for |z| < r 1 , where r 1 is given by (3). Consider
Now, since D is m-valently starlike, therefore by using Lemma 2.2, we have
Hence, we have the desired proof. , the function F defined by (6) is a close-to-convex function for |z| < r 1 , where r 1 is given by (3), for details, see [12] . Proof . Let
β dt, β, n are positive integers.
So from (2) on simplification, we have
By a result of Bernardi [2] and the relation K[A, B; C, D] ⊂ C proved by Silvia [26] , we have D is (β + n − 1)-valent starlike. Also
Using Lemma 2.2 for A = 1, B = −1, we have
This proves the required result.
Proof . We have
As in [16] , for g ∈ V k (β), there exists g 1 ∈ V k such that
Thus equation (7) becomes
Since s 1 is univalent, we choose z 1 = z 1 (r) with
1−r 2 , see [5] and write 1 2π
where we have used the Schwarz inequality. Thus
Using the well-known distortion bounds for s 1 , s 2 ∈ S * , see [4] , we have
Since p ∈ P(b), we can write p(z) = bh(z) + (1 − b), h ∈ P or p (z) = bh (z) and 1 2π 2π 0 |h (z)|dθ ≤ 2 1 − r 2 , see [4] .
Using Lemma 2.3 and inequality (10) in (9) We take r = r n = n n+1 2 . Because |z 1 | = r n , it follows that n 2 ||a n | − |a n+1 | ≤ e 2 n 
Conclusion
In this paper, we introduced some subclasses of analytic functions with bounded radius rotation involving subordination and established integral and convolution preserving properties. We also determined estimates for the growth and distortion bounds, inclusions, conditions for starlikeness and bounds on coefficients differences. Most of our findings are related with the existing known results found in literature of the subject.
